Abstract. We provide non trivial examples of solutions to the system of coupled equations introduced by M. García-Fernández for the uniformization problem of a triple (M, L, E) where E is a holomorphic vector bundle over a polarized complex manifold (M, L), generalizing the notions of both constant scalar curvature Kähler metric and HermitianEinstein metric.
Introduction
In his Ph.D thesis [7] (see also [1] ), M. García-Fernández introduced a natural system of equations, called "coupled equations" that is related to a very simple data, composed by a Kähler manifold, a Kähler class and a vector bundle on the underlying manifold. Let us recall briefly how this system appears through a moment map construction.
Let (M, ω) be a compact symplectic manifold, G a compact Lie group and π : E → M a smooth principal G-bundle on M . Let J be the space of almost complex structures compatible with ω, and A(E) be the space of connections on E. One can consider the extended gauge group G of E. It is the group of automorphisms of E that cover the hamiltonian symplectomorphisms H of M . We mean that for such an automorphism a, π •a = h•π where h ∈ H is a symplectomorphism of M , and in particular this group G contains the gauge group of E. It is possible to check that there is a surjection map p : G → H [7, Section 2.2] . Using this surjection, one can define an action of a ∈ G on J × A(E), by a · (J, A) = (p(g) * J, g · A) = (dp(g) • J • (dp(g))
.
Using the symplectic structures ω J , ω A(E) on J and A(E), one can fix a symplectic form on J × A(E) by
for α 0 , α 1 two real constants. Of course this choice is not canonical a priori, but this is probably the simplest one. In this setting, there is a moment map
. if its orbit belongs to the Kähler reduction µ −1 (0)/ G. Here g J is the metric g J = ω(·, J·) induced by the Kähler form ω and the structure J ∈ J i , Scal(g J ) the scalar curvature of g J , Λ ω the contraction operator with respect to the form ω, F A the curvature of A, and α 2 a constant dependent on α 0 , α 1 , the Kähler class, and topological constants. Likewise z is determined by the Kähler class, and topological constants (see Remark 1.2 in [1] ).
Of course when one considers a trivial bundle E, it turns out that the coupled system can be solved by finding a constant scalar curvature Kähler metric and a flat connection. From Fujiki and Donaldson's work, it is wellknown that the constant scalar curvature Kähler equation (cscK equation in short) appears as prescribing a zero of the moment map induced by the action of the hamiltonian symplectomorphisms H on the integrable complex structures J i , see [5] for details. On the other hand, the first equation of (2) appears naturally when one is considering the action of the gauge group of E [6, Chapter 6] in view of the Kobayashi-Hitchin correspondence. Certainly, the motivation to study the coupled equations (2) In order to do so, one is lead to construct non trivial examples (α 0 α 1 = 0) of solutions to the coupled equations (2) for the tuple (M, L, E) chosen as before. M. García-Fernández showed that it is possible to obtain examples by deformations (when
is small enough) of a manifold M that carries a constant scalar curvature Kähler metric and a Hermitian-Yang-Mills holomorphic vector bundle, if the automorphism group of M is finite [7, Theorem 3.2.4] . The proof reduces to an implicit function theorem and the assumption on the automorphism group allows to invert the linearization operator. Also, when M has complex dimension 1, the term F A ∧ F A vanishes and one can provide solutions to the coupled equations by considering the KobayashiHitchin correspondence for holomorphic bundles, i.e Mumford polystable bundles on the complex curve. On compact homogeneous Kähler-Einstein surfaces, examples can be provided by considering anti-self-dual connections. In higher dimensions, examples can be found by using projectively flat bundles over a manifold with constant scalar curvature metric and satisfying a natural topological condition. As one can remark, all these examples are very specific since they hold on manifolds that carry a constant scalar curvature Kähler metric. It is natural to wonder if one can find new examples of solutions to the coupled equations on complex manifolds such that there is no solution to the cscK equation in the class 2πc 1 (L). The main goal of this paper is to construct such examples over a ruled surface and a ruled threefold.
We would like to thank Mario García-Fernández for very useful discussions. We are also thankful for numerous helpful conversations with Vestislav Apostolov, David Calderbank, and Paul Gauduchon. C. Tønnesen-Friedman would like to thank them for involving her in their project on admissible manfolds long time ago. The results of that project play a crucial technical role in this paper.
Examples of solutions to coupled equations on Hirzebruch type ruled surfaces
Let us consider a ruled manifold of the form M = P(O ⊕ L) → Σ, where Σ is a compact Riemann surface, L is a holomorphic line bundle of degree k ∈ Z * + on Σ, and O is the trivial holomorphic line bundle. Let g Σ be the Kähler metric on Σ of constant scalar curvature 2s Σ , with Kähler form
, where ρ Σ denotes the Ricci form, we have the relation s Σ = 2(1 − h)/k, where h denotes the genus of Σ.
The natural C * -action on L extends to a holomorphic C * -action on M . The open and dense set M 0 of stable points with respect to the latter action has the structure of a principal C * -bundle over the stable quotient. The hermitian norm on the fibers induces via a Legendre transform a function z : M 0 → (−1, 1) whose extension to M consists of the critical manifolds
These zero and infinity sections, E 0 and E ∞ , of M → Σ have the property that E 2 0 = k and E 2 ∞ = −k, respectively. If C denotes a fiber of the ruling M → Σ, then C 2 = 0, while C · E i = 1 for both, i = 0 and i = ∞. Any real cohomology class in the two dimensional space H 2 (M, R) may be written as a linear combination of (the Poincaré duals of) E 0 and C,
Thus, we may think of H 2 (M, R) as R 2 , with coordinates (m 1 , m 2 ). The Kähler cone K may be identified with [8] or Lemma 1 in [13] ). To calculate m 1 and m 2 for a real cohomology class Γ ∈ H 2 (M, R) it is useful to notice that we have
Thus, we get m 1 = C Γ and
We shall use the techniques developed in [2, 3] to build a solution to the coupled equations (2) and check that the manifold M does not carry a constant scalar curvature Kähler metric. To build the so-called admissible metrics [3] on M we proceed as follows. Let θ be a connection one form for the Hermitian metric on M 0 , with curvature dθ = ω Σ . Let Θ be a smooth real function with domain containing (−1, 1). Let x be a real number such that 0 < x < 1. Then an admissible Kähler metric is given on M 0 by
with Kähler form
The complex structure yielding this Kähler structure is given by the pullback of the base complex structure along with the requirement
The function z is hamiltonian with K = J grad z a Killing vector field. Observe that K generates the circle action which induces the holomorphic C * -action on M as introduced above. In fact, z is the moment map on M for the circle action, decomposing M into the free orbits M 0 = z −1 ((−1, 1)) and the special orbits z −1 (±1). Finally, θ satisfies θ(K) = 1. In order that g (be a genuine metric and) extend to all of M , Θ must satisfy the positivity and boundary conditions
The last two of these are together necessary and sufficient for the compactification of g. Define a function F (z) by the formula
Since (1 + xz) is positive for −1 < z < 1, conditions (7) imply the following equivalent conditions on F (z):
The volume form of g in (4) is given by
while the Ricci form is given by
and the scalar curvature is given by
The calculations of these geometrical terms can be found in [2] . Now, since
It is also easy to see that
in a gauge chosen such that the connection form θ has no dz components. Therefore, from (3), we have that
and we fix x = k k+k ′ with k ′ ∈ Z * + . The (1, 1) form
is traceless and therefore anti-self-dual. Using this, we easily check that the form
which does not depend on F (z), is both closed and anti-self-dual. Since the second Betti number b 2 (M ) of our ruled surface M is two, while the signature, σ, is zero, a basis for the vector space of harmonic real (1, 1)-forms on (M, g) would be given by {ω, α}. Now,
We therefore have that
it is easy to see that for appropriate choices of a and b, [
2π ] is an integral class and thus γ a,b may be viewed as the curvature form F A of some connection A on some stable vector, E, bundle over M (of course in that case E is a line bundle). Actually any choice of a ∈ Z and b integer multiple of
which corresponds to the first equation of the system (2). The second equation of the coupled equations (2) in the variables (g, ω, J) on M and γ a,b on E, corresponds to
and since Λ 2 ω dµ g = 2 (see e.g. 2.77 in [4] ), we have that
(1+xz) 4 . Assuming that (g, ω, J) is admissible, and hence determined by F (z) satisfying (9), we get that (13) is equivalent to
Unless b = 0 we have that α 0 must be non-zero. Otherwise, if b = 0, we only get a trivial solution since M admits no constant scalar curvature Kähler metrics. We therefore arive at the following ODE
Integrating twice we see that this has a solution, satisfying (9), if and only if
In that case we find a unique solution
and then 
in the previous equations with
Eventually, in both cases, F is strictly positive. Thus, we have obtained that conditions (9), equations (13) and (12) are all satisfied and the system of coupled equation admits a solution in integral classes from (10) and (11) . This leads to the following result.
Then, there exists an admissible Kähler metric ω ∈ 2πc 1 (L), a complex structure J defined by (6) , (8), (18), and a connection A ∈ A 1,1 J (E) such that the triple (ω, J, A) is a solution to the coupled equations (2) . The constants (α 0 , α 1 , α 2 ) satisfy
Note that once the bundle E and the class L are fixed as in our proposition, the solution (ω, J) is unique in the set of admissible Kähler metrics, up to automorphisms.
2.1. About the Calabi-Yang-Mills functional . We are now going to consider the coupled equations from a variational point of view but in a sligthly different setup than in [7] and [1] where the constants α i are all positive. First of all, using the fact that for any A ∈ A 1,1 (E)
the system of coupled equations is equivalent to
and we shall consider the case α 0 = 0. It is natural to introduce the CalabiYang-Mills type functional
and the constant
which appears when one is integrating over the manifold M the second equation of the system (2). Here we assume that the complex structure is fixed and g varies among Kähler metrics with a fixed Kähler class 2πc 1 (L).
Remark 2.1. Our functional CY M differs from [7] . Indeed we choose our functional such that, up to a renormalization, it is globally invariant if we do the change of metric ω → tω and change accordingly the constants α 0 , α 1 by tα 0 , t 2 α 1 in (2). Furthermore, when α 1 → 0, it reduces to precisely the sum of the Calabi functional and the Yang-Mills functional. Now, with (21), we get that
is a constant dependant only on topological constants of (E, [ω], M ) and the triple α = (α 0 , α 1 , α 2 ). Remark that we can write
and the topology of (E, M ). Therefore, we obtain
, M, α) a topological constant. We claim that for several choices of ω, L, E in Theorem 1, there exists a solution to the coupled equations (2) that minimize the CY M functional. Actually, we remark that if one has the inequality
and the equality is achieved precisely for a solution to (2) . From (17) and (20), we remark by a direct computation that the limit when k ′ → +∞ of the LHS of (23) is
Thus, if we choose k ′ large enough (hence x > 0 small enough), we get the required inequality (23) and independently of the choice of the other parameters .
Another possible choice is to take the limit k 2 → ±∞ and in that case the LHS of (23) tends to 1. We can also do the following choice : α 2 = 0 with
2 and s Σ = −2 which implies again that the solutions of the coupled equations minimize the CY M functional. From our discussion we obtain the following corollary. Corollary 1. In Theorem 1, there exists for k ′ large enough or |k 2 | large enough (or for the choice s Σ = −2, b = 3a, k ′ = k) a solution to the coupled equations (2) that is the absolute minimum of the CY M functional.
Let us discuss now briefly the uniqueness of the solutions we found. We know that at the level of Chern classes,
where H ∈ |O M (1)| and p : M → Σ is the canonical projection of the ruled manifold M to the surface Σ. Thus for our last choice above (α 2 = 0 and Σ has genus h = 1 + k, k ∈ Z * + ), we are under the conditions of [7, Proposition 3.5.3 (2)] since c 1 (M ) ≤ 0 for k large enough. Thus we have constructed a family ((M, J), E, 2πc 1 (L)) with solutions (g, A) to the coupled equations (2) such that the associated Kähler form ω is unique in the Kähler class 2πc 1 (L).
Examples of solutions to coupled equations on the total space of a projective bundle over a product of two Riemann surfaces
In order to obtain a form Ω defined by (1) which is Kähler we would like to construct an example of solutions to (2) where α 1 /α 0 > 0. To that end, we change the setting a little bit to gain more flexibility. (7) we now have an admissible metric on M which on M 0 is given by
Let us consider a ruled manifold of the form
and the complex structure given as in the previous section. If we set
then the boundary conditions (7) now become equivalent to
and the scalar curvature of g equals
. [ω] = 2π
Notice that as long as x 1 and x 2 are rational numbers, [
] is a rational class and hence by rescaling the Kähler metric as necessary, we obtain an integer class and a corresponding line bundle L. Such a rescaling would rescale α 1 /α 0 from the coupled equations by the same factor, but would not change its sign and would not change the qualitative properties of e.g. the CYM functional. In what follows we shall therefore ignore this rescaling factor.
Let
. It is easy to see that α is closed. If ., . denotes the inner product on 2-forms induced by the metric g, we observe that α, ω = 0 using the following facts
By integrating along the fibre C of the ruling and along Σ i as embedded in E 0 = z −1 (1), we can determine the value of n and m i , i = 1, 2. Indeed,
then (allowing for a slight abuse of notation)
On the other hand, since α = (ω 1 + ω 2 )f + df ∧ θ, we also have that
and
and so, using that f = 1 (1+x 1 z)(1+x 2 z) , we get
Similarly to the previous section we now define γ a,b = aω + bα. From the discussion above we see that
[ω 2 /(2π)]
Given values of x 1 and x 2 , it is now clear that we can choose a, b ∈ R such that [
2π ] is an integer class. Using that for any (1, 1) forms β, δ, we have
Since Λ ω γ a,b = 3a, and the scalar curvature is given by (27) the coupled equations (2) are satisfied, in the case α 0 = 0, if and only if
) and κ 2 = 4b 2 α 1 α 0 . The the above equation can be written as (29)
gives a bona fide solution if and only if κ 1 and κ 2 are such that
and F (z) > 0 for −1 < z < 1. We calculate that
Now the first equation of (30) becomes
while the second is
Thus we have a linear system in the variables (κ 1 , κ 2 ) with coefficients determined only by s 1 , s 2 , x 1 , and x 2 . In particular, they do not depend on a and b. We spot right away that if x 1 = −x 2 , but s 1 = −s 2 this system is inconsistent. If x 1 = −x 2 with s 1 = s 2 , the system has an infinite number of solutions with say κ 2 as the free parameter. In particular the Kähler class determined by x 1 = −x 2 has a constant scalar curvature Kähler metric (κ 2 = 0) in this case. On the other hand, if x 1 = −x 2 , it is elementary to check that the linear system has a unique solution (κ 1 , κ 2 ). In particular, in that case
,
3 ) in the above expression is always less than zero for 0 < |x i | < 1. Now, using that s i x i < 2 it is not hard to check that for 0 < x 1 , x 2 < 1 (L from M = P(O ⊕ L) → Σ 1 × Σ 2 being positive definite), κ 2 , and hence
, is never positive. Likewise, κ 2 is never positive for −1 < x 1 , x 2 < 0. Moving forwards we shall, without loss of generality, assume that 0 < x 1 < 1 and −1 < x 2 < 0. Unfortunately, (i) of (26) is hard to check in general and by experimenting with some examples we discovered that in some cases it is simply not satisfied. This is a situation not unlike the extremal Kähler metric situation on e.g. ruled surfaces of higher genus. For now, we shall focus on a few token examples, taking us through the various genera that may occur for Σ 1 and Σ 2 , where the positivity of F (z) may be verified directly.
3.1. Examples. If x = −1/2, the system simplifies to a unique equation
which has many solutions, one of them κ 2 = 0, i.e. a cscK metric (in fact Kähler-Einstein [12] ) as it is confirmed by Theorem 9 in [3] . This theorem together with [3, Theorem 8 ] also tells us that no other values of x correspond to Kähler classes admitting a cscK metric. If x = −1/2, we calculate that
6(x − 2)(3 + 2x + 7x 2 ) 8 + 5x + 16x 2 + x 3 and
We then observe that for x < −1/2, κ 2 > 0 and hence
We observe that P (t) is positive at t = −1, negative at t = 1, and changes sign only once in the interval −1 < t < 1. Since
, with complex structure J, there exists integral classes L and E, a Kähler metric ω ∈ 2πc 1 (L), and a connection A ∈ A 1,1 J (E) such that the triple (ω, J, A) is a solution to the coupled equations (2) and for which constants (α 0 , α 1 , α 2 ) satisfy Remark 3.1. Note that M is a toric bundle on compact homogeneous manifolds, so two torus invariant Kähler metrics can be joined by a smooth geodesic, see [10, Theorem 4] . We also remark that M is a standard compact almost homogeneous space with two ends [11, Theorem 12.1] . One can apply [9, Theorem 2 & 3] to deduce the existence of an extremal metric in each Kähler class. Note that from [11, Section 12] , we know that the geodesics on M satisfy all stability principles and in particular are smooth. Unfortunately we cannot apply the results of [7, Section 3.5 ] that hold only in dimension 2 to deduce the uniqueness of the solution to the coupled equations. Nevertheless, we conjecture that the constructed solution (g, A) is unique.
3.1.
2. An example with x 1 = 1/2, x 2 = −1/3, s 1 = 2, s 2 = 0. We apply a similar method to Subsection 3.1.1, fixing Σ 1 with genus 0 (and k 1 = 1) and Σ 2 with genus 1 (and k 2 < 0). By applying condition (19) from [3] , it is easy to check that the Kähler class corresponding to these parameters does not admit a constant scalar curvature Kähler metric. In that case κ 2 = 256 327 > 0 so
As before, we observe that P (t) is positive at t = −1, negative at t = 1, and changes sign only once in the interval −1 < t < 1. Since
is a negative line bundle on T 2 , and let J denote the complex structure. Then there exists integral classes L and E, a Kähler metric ω ∈ 2πc 1 (L), and a connection A ∈ A 1,1 J (E) such that the triple (ω, J, A) is a solution to the coupled equations (2) and for which constants (α 0 , α 1 , α 2 ) satisfy 
3. An example with x 1 = 1/2, x 2 = −1/3, s 1 = 2, s 2 = 2. We apply a similar method to Subsection 3.1.1, fixing Σ 1 with genus 0 (and k 1 = 1) and Σ 2 with genus h 2 > 1 (and k 2 = 1 − h 2 ). By applying condition (19) from [3] , it is easy to check that the Kähler class corresponding to these parameters does not admit a constant scalar curvature Kähler metric. In that case κ 2 = 608 327 > 0 so
Σ tensored by a flat line bundle on Σ. If J denotes the complex structure, then there exists integral classes L and E, a Kähler metric ω ∈ 2πc 1 (L), and a connection A ∈ A 1,1 J (E) such that the triple (ω, J, A) is a solution to the coupled equations (2) and for which constants (α 0 , α 1 , α 2 ) satisfy
Further, the Kähler class 2πc 1 (L) admits no constant scalar curvature Kähler metric.
3.1.4. An example with x 1 = 1/2, x 2 = −2/5, s 1 = 0, s 2 = 2. We apply a similar method to Subsection 3.1.1, fixing Σ 1 with genus 1 (and k 1 > 0) and Σ 2 with genus h 2 > 1 (and k 2 = 1 − h 2 ). By applying condition (19) from [3] , it is easy to check that the Kähler class corresponding to these parameters does not admit a constant scalar curvature Kähler metric. In that case κ 2 = 1029 1475 > 0 so
As before, we observe that P (t) is positive at t = −1, negative at t = 1, and changes sign only once in the interval −1 < t < 1. Since 3.1.5. An example with x 1 = 1/2, x 2 = −4/9, s 1 = −1, s 2 = 2. We apply a similar method to Subsection 3.1.1, fixing Σ 1 with genus h 1 > 1 (and k 1 = 2(1−h 1 )) and Σ 2 with genus h 2 > 1 (and k 2 = 1−h 2 ). By applying condition (19) from [3] , it is easy to check that the Kähler class corresponding to these parameters does not admit a constant scalar curvature Kähler metric. In that case κ 2 = 71825 348408 > 0 so As before, we observe that P (t) is positive at t = −1, negative at t = 1, and changes sign only once in the interval −1 < t < 1. Since tensored by a flat line bundle on Σ 2 . If J denotes the complex structure, then there exists integral classes L and E, a Kähler metric ω ∈ 2πc 1 (L), and a connection A ∈ A 1,1 J (E) such that the triple (ω, J, A) is a solution to the coupled equations (2) and for which constants (α 0 , α 1 , α 2 ) satisfy The computations in the beginning of Section 2.1 are still valid in the present setting and using that Since, as we mentioned earlier, κ 1 and κ 2 depend only on x 1 , x 2 , s 1 , and s 2 , we may conclude that for |b| sufficiently large the solutions we constructed above to the coupled system are actually minima of the CYM functional.
